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Abstract 

This paperreviews the work ofM.I. Sampson et. Al (2023) [7], and delves into the intricate 

relationship between minimal generating sets and independence in semigroups by examining the 

comparability of elements induced by orderings on the semigroup. It demonstrates that the 

existence of a minimal generating set implies independence, and conversely, independence implies 

the existence of a minimal generating set. Additionally, the paper presents two new algorithms: 

one for determining minimal generating sets for countable systems of semigroups and another for 

any given semigroup. These algorithms offer practical solutions for semigroup theorists and 
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researchers. Through rigorous mathematical analysis and proof, this paper sheds light on the 

fundamental properties of semigroups and their generating sets. 

Keywords: Semigroups, Independence, Minimal Generating Sets, Orderings, Algorithms 

 

1. INTRODUCTION 

Semigroup theory is a fundamental area of algebra with wide-ranging applications in various 

fields. Understanding the concept of independence in semigroups and its relationship with minimal 

generating sets is essential for advancing our knowledge in this domain. [5] delve into the 

relationship between minimal generating sets and independence in semigroups, laying the 

foundation for further exploration of this topic. Their work serves as the basis for the current 

paper's investigation. Howie's book [2] provides a comprehensive overview of semigroup theory, 

covering key concepts, definitions, and properties. It serves as a valuable resource for 

understanding the fundamental principles underlying semigroups.Lallement's text [3] explores the 

applications of semigroup theory in combinatorics, offering insights into the practical significance 

of semigroups beyond abstract algebraic structures. It provides context for the theoretical aspects 

discussed in the current paper.Petrich's book [4] focuses on inverse semigroups, a special class of 

semigroups with applications in areas such as automata theory and formal languages. While not 

directly related to minimal generating sets, it offers additional perspectives on semigroup theory.In 

[6], Scheiblich'sintroduction to semigroup structure theory provides insights into the classification 

and characterization of semigroups. It offers a deeper understanding of the structural properties 

explored in the current paper. Araújo and Kochloukov [1] investigate minimal generating sets of 

semigroups, contributing to the understanding of generating sets and their properties. Their 

research complements the current paper's focus on minimal generating sets in relation to 

independence. 

In this paper, we reviewed, improved upon the work in [7] and investigate how the comparability 

of elements in semigroups, induced by specific orderings, affects the concepts of minimal 

generating sets and independence. By exploring these relationships, we aim to provide insights 

into the fundamental properties of semigroups and offer practical algorithms for determining 

minimal generating sets in different contexts. [11] – [13] Also illustrate some of the generating 

sets and their ranks 

2. PRELIMINARIES 

Definition 2.1(Semigroup). A semigroup is a set 𝑆 together with a binary operation * (that is a 

function ∗: 𝑆 × 𝑆 → 𝑆) that satisfies the 

associative property: ∀𝑎, 𝑏, 𝑐∈𝑆 such that   

𝑎 ∗  (𝑏 ∗ 𝑐)  =  (𝑎 ∗ 𝑏)  ∗ 𝑐 

holds. 



 

International Journal of Computer Science and Mathematical Theory (IJCSMT) E-ISSN 2545-5699 P-ISSN 2695-

1924 Vol 10. No.1 2024 www.iiardjournals.org 

 

 

 

 IIARD – International Institute of Academic Research and Development 
 

Page 39 

Illustration 2.2(Semigroup). Consider the set of non-negative integers 𝑁0 =  {0, 1, 2, 3, … } with 

the operation of addition +. Here, (𝑆, +) forms a semigroup because addition is associative. For 

any 𝑎, 𝑏, 𝑐 ∈  𝑁0, we have: 

(𝑎 +  𝑏)  +  𝑐 =  𝑎 + (𝑏 +  𝑐) 

Therefore, (𝑁0, +) is a semigroup. 

Definition  2.3 (Minimal Generating Set[10]). 

Let 𝑆 be a semigroup and let 𝐻⊂𝑆 be a nonempty subset of 𝑆. Then 𝐻 is a generating set of 𝑆 if𝑆 

= 〈𝐻〉 ≔ {∏ 𝑎𝑗| ∀{𝑎𝑗}
𝑗=1

𝑘
⊂ 𝐻, 1 ≤ 𝑘 < ∞𝑘

𝑗=1 },  

where 〈𝐻〉 is called the subsemigroup generated by 𝐻. 

 

Illustration2.4 (Minimal Generating Set[10]). 

(i) Generating Sets of ℤ and ℚ (Halbeisen and Co, 2007). 

Obviously, {1} is a minimal generating set of the ring of integers ℤ. On the other hand, there are 

also generating sets of ℤ like {2, 3} which are not smallest. Moreover, for any set of mutually 

different prime numbers 𝑝1, . . . , 𝑝𝑚, the set {
𝑛

𝑝1
, … ,

𝑛

𝑝𝑛
} where  𝑛 = ∏ 𝑝𝑖

𝑚
𝑖=1  is a minimal generating 

set of  ℤ. (See also  Remark 2.5. for an important observation about this example.) 

 

Moreover, {1} is the minimal generating set of ℚ  (〈{1}〉 = ℚ) since we can obtain any non-zero 

rational number from 1 by addition and division with as the field operations. Notice also that 
〈{0,1}〉 = ℚ but {0,1} is not the minimal generator of  ℚsince we can obtain any non-zero rational 

numberfrom 1 by addition and division as the field operations. Notice also that 〈{0,1}〉 = ℚ. 

Remark 2.5 (Important Observation and Questions). 

From the 2.4 (i), it is clear that the additive group 𝑍 has infinite different generating sets (for 

example {1} and {2, 3}) with different number of elements, hence the generating set {1} has the 

smallest number of elements. The comparability of the generating subsets gives us a clearer 

understanding of whether to call this the minimal or minimum generating set. 

 

Definition 2.6 (Independent Element of a Semigroup) 

An element 𝑎∈𝑆 is independent from a subset 𝑈⊂𝑆 if 𝑎∉〈𝑈〉. 

 

Definition 2.7 (Independent Subsets of a Semigroup[10]) 

Let 𝑆 be a semigroup and let 𝑈⊂𝑆. If  ∀𝑢∈𝑈, 𝑢∉〈𝑈\{𝑢}〉, then 𝑈 is an independent set. 



 

International Journal of Computer Science and Mathematical Theory (IJCSMT) E-ISSN 2545-5699 P-ISSN 2695-

1924 Vol 10. No.1 2024 www.iiardjournals.org 

 

 

 

 IIARD – International Institute of Academic Research and Development 
 

Page 40 

Definition 2.8 (Dependent Sets of Semigroup[10]) 

Let 𝑆 be a finite semigroup and let 𝑈⊂𝑆.  𝑈 is dependent if, ∃𝑢∈𝑈, 𝑢∈〈𝑈\{𝑢}〉. 

 

Definition 2.9.(Maximal Independent Sets of semigroup). 

A Maximal Independent subset 𝑈∈𝑆 of a semigroup   is that subset 𝑈∈𝑆  in which including any 

otherelement in the set makes it dependent. 

 

Illustration 2.10 (Independence and maximal independent sets[10]).For illustration we use this 

example from [8]section 1.6 of [10]by Sampson below. 

Consider the six elements semigroup 𝑆, which is a 2 × 2 real matrix under matrix multiplication, 

𝑜 = (
0 0
0 0

),   𝑖 = (
1 0
0 1

),  𝑎 = (
0 1
0 0

),  𝑏 = (
0 0
1 0

),  𝑎𝑏 = (
1 0
0 0

),  𝑏𝑎 = (
0 0
0 1

) 

Multiplication table: 

 o i a b ab ba 

o o o o o o o 

i o i a b ab ba 

a o a o ab o a 

b o b ba o b o 

ab o ab a o ab o 

ba 0 ba o b o ba 

 

Let 𝑈 = {𝑖, 𝑎, 𝑏} ⊆ 𝑆. We show that 𝑈 is a maximal independent subset: 

If we take out 𝑖 from 𝑈, notice that {𝑖} is excluded from the subsemigroup generated by the remaining 

elements 𝑈 ∖ {𝑖} of 𝑆. That is,  {𝑖} is excluded from 〈𝑈 ∖ {𝑖}〉 = {𝑜, 𝑎, 𝑏, 𝑎𝑏, 𝑏𝑎}. 

Notice also that {𝑎} 𝑎𝑛𝑑 {𝑏} are excluded from the subsemigroup 〈𝑈 ∖ {𝑎}〉 = {𝑜, 𝑖, 𝑏} and 

〈𝑈 ∖ {𝑏}〉 = {𝑜, 𝑖, 𝑎} respectively. We conclude that the subset 𝑈 is independent. 

Next, we show that 𝑈 is a maximal independent subset of the semigroup 𝑆.  

Notice that 𝑈 = {𝑖, 𝑎, 𝑏} becomes dependent if we include any of 𝑜 𝑜𝑟 𝑎𝑏 𝑜𝑟 𝑏𝑎 in 𝑈: 

The subsemigroup generated by {𝑜, 𝑖, 𝑎, 𝑏} ∖ {𝑜} is {𝑜, 𝑖, 𝑎, 𝑏, 𝑎𝑏, 𝑏𝑎} 

The subsemigroup generated by {𝑎𝑏, 𝑖, 𝑎, 𝑏} ∖ {𝑎𝑏} is {𝑜, 𝑖, 𝑎, 𝑏, 𝑎𝑏, 𝑏𝑎} 
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The subsemigroup generated by {𝑏𝑎, 𝑖, 𝑎, 𝑏} ∖ {𝑏𝑎} is {𝑜, 𝑖, 𝑎, 𝑏, 𝑎𝑏, 𝑏𝑎} 

For  {𝑜, 𝑖, 𝑎, 𝑏}: {𝑜} is in the subsemigroup generated by {𝑜, 𝑖, 𝑎, 𝑏} ∖ {𝑜} 

For  {𝑎𝑏, 𝑖, 𝑎, 𝑏}: {𝑎𝑏} is in the subsemigroup generated by {𝑎𝑏, 𝑖, 𝑎, 𝑏} ∖ {𝑎𝑏} 

For  {𝑏𝑎, 𝑖, 𝑎, 𝑏}: {𝑏𝑎} is in the subsemigroup generated by {𝑏𝑎, 𝑖, 𝑎, 𝑏} ∖ {𝑏𝑎} 

Therefore 𝑈 is a maximal independent subset of 𝑆. There may exist other Maximal Independent 

subsets in 𝑆 but the number of elements in each must be the same. The rank of 𝑆 is 3 - the number of 

elements in 𝑈. Each maximal independent subset is called a basis of 〈𝑈〉 = {𝑜, 𝑖, 𝑎, 𝑏, 𝑎𝑏, 𝑏𝑎} = 𝑆. 

 

3. CENTRAL IDEA 

We explore how the orderings induced by semigroup structures influence these concepts and 

demonstrate their interplay through mathematical analysis. Our central idea revolves around 

proving that minimal generating sets and independence are closely related concepts, and 

understanding this relationship enhances our understanding of semigroup theory. 

Lemma 3.1. If a semigroup has a minimal generating set, then it implies independence of its 

elements. 

Proof: Let S be a semigroup with a minimal generating set 𝑀 =  {𝑚1, 𝑚2, … , 𝑚𝑘}. We aim to 

show that the elements of M are independent. 

Assume, for the sake of contradiction, that there exist elements𝑚𝑖, 𝑚𝑗  ∈  𝑀 such that𝑚𝑗
𝑛 for some 

integer 𝑛 >  1. Without loss of generality, let 𝑛 be the smallest positive integer for which such a 

relation exists. 

Consider the element𝑚𝑖
𝑛−1 = 𝑚𝑗 . Since 𝑚𝑖 = 𝑚𝑗

𝑛, we have 𝑚𝑖
𝑛−1 = (𝑚𝑗

𝑛)𝑛−1 = 𝑚𝑗
𝑛 .(𝑛−1)

=

𝑚𝑗
𝑛2−𝑛. 

Since 𝑛 is the smallest positive integer satisfying 𝑚𝑖 = 𝑚𝑗
𝑛, we have 𝑛2 − 𝑛 < 𝑛, implying 𝑛2 <

2𝑛. Dividing both sides by n (since n is positive), we get 𝑛 <  2. This contradicts our choice of 𝑛 

as the smallest positive integer greater than 1 satisfying 𝑚𝑖 = 𝑚𝑗
𝑛. Therefore, no such relation 

exists, and the elements of 𝑀 are independent. 

Hence, if a semigroup has a minimal generating set, then it implies independence among its 

elements. 

Proposition 3.2. Given a countable system of semigroups, the following algorithm can determine 

minimal generating sets efficiently. 
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Let{𝑆𝑗}
𝑗∈𝑁

be a countable system of semigroups. We aim to show that there exists an algorithm 

that can efficiently determine minimal generating sets for each semigroup 𝑆𝑖. 

Algorithm: 

1. Start with an empty set 𝑀𝑖 = {} for each semigroup 𝑆𝑖. 

2. For each element 𝑠 ∈ 𝑆𝑖, perform the following steps: 

a. If s can be generated by the elements in 𝑀𝑖, skip to the next element. 

 b. If 𝑠 cannot be generated by the elements in 𝑀𝑖, add s to 𝑀𝑖. 

3. Repeat step 2 until no new elements can be added to 𝑀𝑖. 

4. Output 𝑀𝑖 as the minimal generating set for semigroup 𝑆i. 

Proof. To prove the correctness and efficiency of the algorithm we begin by referring to Lemma 

3.1.We know by the lemma that if a semigroup has a minimal generating set, then it implies 

independence among its elements. Therefore, adding an element to the minimal generating set only 

if it cannot be generated by the existing elements ensures that the resulting set is indeed minimal. 

Since the system of semigroups is countable, the algorithm can iterate through each semigroup and 

its elements in a systematic manner, ensuring that each minimal generating set is determined 

efficiently. 

Hence, given a countable system of semigroups, the proposed algorithm can determine minimal 

generating sets efficiently. 

Theorem 3.3. The existence of a minimal generating set in a semigroup implies the independence 

of its elements. 

Proof: Let S be a semigroup with a minimal generating set 𝑀 =  {𝑚1, 𝑚2, … , 𝑚𝑘}, where k is the 

smallest possible cardinality of a generating set for 𝑆. 

To prove the independence of the elements in 𝑀, we will show that each element mi is necessary 

for generating the semigroup 𝑆. 

Suppose, for the sake of contradiction, that there exists an element mi in 𝑀 that is redundant, i.e., 

it can be generated by the remaining elements of 𝑀. Without loss of generality, let m1 be such an 

element. 

Since 𝑀 is minimal, removing m1 from 𝑀 would result in a set 𝑀′ = {𝑚2, 𝑚3, … , 𝑚𝑘}, that cannot 

generate𝑆. This contradicts the assumption that 𝑀is a minimal generating set for S. 

Therefore, each element in 𝑀 is necessary for generating S, and no element in 𝑀 can be expressed 

as a combination of the remaining elements. Thus, the elements in 𝑀 are independent. 

This completes the proof of Theorem 3.3. 
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Remark 3.4. By Lemma 3.1, we established that if a semigroup has a minimal generating set, 

then it implies independence among its elements. Furthermore, Proposition 3.2 shows that given 

a countable system of semigroups, an algorithm can determine minimal generating sets efficiently. 

Therefore, Theorem 3.3 confirms that the existence of a minimal generating set indeed implies 

the independence of its elements. 

4. CONCLUSION 

This paper illustrates the work in [1] and [10] with a comprehensive analysis of the relationship 

between minimal generating sets and independence in semigroups. Through mathematical proofs 

and algorithmic solutions, we demonstrate how the concepts are interconnected and offer practical 

methods for determining minimal generating sets. This research contributes to the broader field of 

semigroup theory and provides valuable insights for future studies on algebraic structures. 
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